Introduction: The Genesis
Toward the middle of the XIXth century, E.E. Kummer discovered that the ring of integers of a cyclotomic field does not have the unique factorization property and he introduced the concept of "ideal numbers" to re-establish some of the factorization theory for cyclotomic integers [45, Vol. 1, [203] [204] [205] [206] [207] [208] [209] [210] .
As R. Dedekind wrote in 1877 to his former student E. Selling, the goal of a general theory was immediately clear after Kummer's solution in the special case of cyclotomic integers: to extend Kummer's theory to the case of general algebraic integers.
Dedekind admitted to having struggled unsuccessfully for many years before he published the first version of his theory in 1871 [45] (XI supplement to Dirichlet's "Vorlesungenüber Zahlentheorie" [12] ).
The theory of Dedekind domains, as it is known today, is based on Dedekind's original ideas and results. Dedekind's point of view is based on ideals ("ideal numbers") for generalizing the algebraic numbers; he proved that, in the ring of the integers of an algebraic number field, each proper ideal factors uniquely into a product of prime ideals.
L. Kronecker essentially achieved this goal in 1859, but he published nothing until 1882 [41] .
Kronecker's theory holds in a larger context than that of rings of integers of algebraic numbers and solves a more general problem. The primary objective of his theory was to extend the set of elements and the concept of divisibility in such a way that any finite set of elements has a GCD (greatest common divisor) in an extension of the original ring which still mirrors as closely as possible the ideal structure of the original ring. It is probably for this reason that the basic objects of Kronecker's theory -corresponding to Dedekind's "ideals"-are called "divisors".
Let D 0 be a PID with quotient field K 0 and let K be a finite field extension of K 0 . Kronecker's divisors are essentially all the possible GCD's of finite sets of elements of K that are algebraic over K 0 ; a divisor is integral if it is the GCD of a finite set of elements of the integral closure D of D 0 in K.
One of the key points of Kronecker's theory is that it is possible to give an explicit description of the "divisors". The divisors can be represented as equivalence classes of polynomials and a given polynomial in D[X] represents the class of the integral divisor associated with the set of its coefficients.
More precisely, we can give the following definition.
The classical Kronecker function ring. Let D be as above. The Kronecker function ring of D is given by: a 0 , a 1 , . . ., a n ∈ D and set f := a 0 + a 1 X + . . .+ a n X n ∈ D[X], then:
Kronecker's classical theory led to two different major extensions:
• We recall these two major extensions of Kronecker's classical theory, but first we fix the general notation that we use in the sequel. 
One of the major difficulties for generalizing Kronecker's theory is that Gauss Lemma for the content of polynomials holds for Dedekind domains (or, more generally, for Prüfer domains), but not in general: For general integral domains, we always have the inclusion of ideals c(f g) ⊆ c(f )c(g). We also have the following result which is weaker than the Gauss Lemma but more widely applicable. Prüfer (1932) [56] , Arnold (1969) [8] , Arnold-Brewer (1971) [9] , Dobbs-Fontana (1986) [13] , D.F. Anderson-Dobbs-Fontana (1987) [6] , OkabeMatsuda (1997) [55] .) Star-Kronecker function ring. Let D be an integrally closed integral domain with quotient field K and let ⋆ be an e.a.b. star operation on D, then:
is an integral domain with quotient field K(X), called the ⋆-Kronecker function ring of D, having the following properties:
. . , a n ∈ D and set f :
, then:
For the proof cf. [26, Theorem 32.7 ].
Nagata's generalization of the Kronecker function ring. The following construction is possible for any integral domain D and, even, for an arbitrary ring D.
and this ring is called the Nagata ring of D. This notion is essentially due to Krull (1943) [44] . Then this ring was studied in Nagata's book (1962) [52, Section 6, page 17], using the notation D(X), and in Samuel's Tata volume (1964) [58, page 27] (where the notation D(X) loc was used). We introduced the notation Na(D) that is convenient for generalizations. 
• Every ideal of Na(D) is extended from D if and only if D is a Prüfer domain.
The interest in Nagata's ring D(X) is due to the fact that this ring of rational functions has some strong ideal-theoretic properties that D itself need not have, while maintaining a strict relation with the ideal structure of D.
(a) The map P → P D(X) establishes a 1-1 correspondence between the maximal ideals of D and the maximal ideals of D(X).
( 
Basic facts on semistar operations
In 1994, Okabe and Matsuda [54] introduced the more flexible notion of semistar operation ⋆ of an integral domain D , as a natural generalization of the notion of star operation, allowing D = D ⋆ (cf. also [53] , [48] , and [49] ).
For star operations, the notion of ⋆-ideal leads to the definition of a canonically associated ideal system.
For semistar operations, we need a more general notion, that coincides with the notion of ⋆-ideal, when ⋆ is a (semi)star operation.
•
Note that Na(D, ⋆) = Na(D, ⋆ f ) . Therefore, the assumption ⋆ = ⋆ f is not really restrictive when considering Nagata semistar rings.
If ⋆ = d is the identity (semi)star operation of D, then:
Some results on star Nagata rings proved by Kang in 1989 are generalized to the semistar setting in the following:
For the proof cf. [21, Theorem 3.1] . From the previous Proposition 3 (4) we have:
The semistar operation associated to Na(D, ⋆)
We start by recalling some distinguished classes of semistar operations.
• If ∆ is a nonempty set of prime ideals of an integral domain D , then the semistar operation ⋆ ∆ defined on D as follows
is called the spectral semistar operation associated to ∆ .
• A semistar operation ⋆ of an integral domain D is called a spectral semistar operation if there exists ∅ = ∆ ⊆ Spec(D) such that ⋆ = ⋆ ∆ .
• We say that ⋆ possesses enough primes or that ⋆ is a quasi-spectral semistar operation of D if, for each nonzero ideal I of D such that I ⋆ ∩ D = D , there exists a quasi-⋆-prime P of D such that I ⊆ P .
• Finally, we say that ⋆ is a stable semistar operation on D if Lemma 6 Let D be an integral domain and let ∅ = ∆ ⊆ Spec(D) . Then: 
Theorem 8 Let ⋆ be a nontrivial semistar operation and let
[⋆ is called the spectral semistar operation associated to ⋆ .] Then:
For the proof cf. [21, Proposition 3.4].
Proposition 3 (4) assures that, when a maximal ideal of Na(D, ⋆) is contracted to D , the result is exactly a prime ideal in M(⋆ f ) . This result can be reversed. Moreover, the semistar operation⋆ generates the same Nagata ring as ⋆.
Corollary 9 Let ⋆, ⋆ 1 , ⋆ 2 be semistar operations of an integral domain D . Then:
For the proof cf. [21, Corollary 3.5 and Theorem 3.8].
Remark 10 Note that, when ⋆ is the (semi)star v-operation, then the (semi)star operationṽ coincides with the (semi)star operation w defined as follows: [59] , [60] and [62] ). (Unfortunately, the same notation is also used for the star a.b. operations defined by a family of valuation overrings [26, page 398] and the two notions are not related, in general.) Note also that the notion of w-ideal coincides with the notion of semi-divisorial ideal considered by S. Glaz and W. Vasconcelos in 1977 [27] .
Finally, in 2000, for each (semi)star operation ⋆ , D.D. Anderson and S.J. Cook [5] considered the ⋆ w -operation which can be defined as follows:
for each E ∈ F (D) . From their theory (and from the results by Hedstrom and Houston) it follows that:
The relation between⋆ and the localizing systems of ideals (in the sense of Gabriel and Popescu) was established by M. Fontana and J. Huckaba in 2000 [17] .
The Kronecker function ring in a general setting
The problem of the construction of a Kronecker function ring for general integral domains was considered indipendently by F. Halter-Koch (2003) [32] and [19] , [21] .
Halter-Koch's approach is axiomatic and makes use of the theory of finitary ideal systems (star operations of finite type) [30] . He also establishes a connection with Krull's theory of Kronecker function rings and introduces the Kronecker function rings for integral domains with an ideal system which does not necessarily verify the cancellation property (e.a.b.). Fontana-Loper's treatment is based on the Okabe-Matsuda's theory of semistar operations [19] , [21] , [55] , and [47] .
Halter-Koch [32] gives the following abstract definition which does not rely on semistar operations or valuation overrings.
K-function ring. Let K be a field, R a subring of K(X) and D := R∩K. If (Kr.1) X ∈ U(R) (i.e. X is a unit in R );
Using only these two axioms, he proved that R "behaves as a Kronecker function ring": have  (a 0 , a 1 , . . . , a n )R = f R . We start by recalling that it is possible to associate to an arbitrary semistar operation an e.a.b. semistar operation.
• Given any semistar operation ⋆ of D , we can define an e.a.b. semistar operation of finite type ⋆ a of D , called the e.a.b. semistar operation associated to ⋆ , as follows for each F ∈ f (D) and for each E ∈ F (D) :
The previous construction is essentially due to P. Jaffard (1960) 
We now turn our attention to the valuation overrings. The notion that we recall next is due to P. Jaffard (1960) [38, page 46] (cf. also Halter-Koch (1997) [30, Chapters 15 and 18] ).
• For a domain D and a semistar operation ⋆ on D , we say that a val-
Note that, by definition the ⋆-valuation overrings coincide with the ⋆ fvaluation overrings.
Proposition 13 Let D be a domain and let ⋆ be a semistar operation on D .
(1) The ⋆-valuation overrings also coincide with the ⋆ a -valuation overrings. It is easy to imagine that these two collections of valuation domains can frequently be different and, even when the two collections of valuation domains coincide, it may happen that⋆ = ⋆ a . Fontana-Loper [21] gives some examples which illustrate the different situations that can occur.
It is possible to prove positive statements about the relationship between (-) and (-) a under certain conditions [ We recall the following definition, which generalizes the classical notion of Prüfer domain.
Prüfer semistar multiplication domain. Let ⋆ be a semistar operation on an integral domain D. A Prüfer ⋆-multiplication domain (for short, a
Some of the statements of the following theorem, due to Fontana-JaraSantos (2003) [18] generalize some of the classical characterizations of the Prüfer v-multiplication domains (for short, PvMD).
Theorem 15 Let D be an integral domain and ⋆ a semistar operation on D.
The following are equivalent: 
(iv) t is stable and e.a.b..
In particular, D is a PvMD if and only if it is a PwMD.
For the proof cf. [18, Corollary 3.1].
In the star setting the relation between the P⋆MDs and the PvMDs is described by the following: 
Remark 18
The PvMDs were studied by Griffin in 1967 [28] under the name of v-multiplication domains, cf. also [42] and [38] . Relevant contributions to the subject were given among the others by Arnold-Brewer (1971) [9] , HeinzerOhm (1973) [35] , Mott-Zafrullah (1981) [50] , Zafrullah (1984) [64] , Houston (1986) [36] , Kang (1989) [40] , Dobbs-Houston-Lucas- Zafrullah (1989) [14] and El Baghdadi (2002) [16] .
For ⋆ a star operation, P⋆MDs were considered by Houston-Malik-Mott in 1984 [37] , introducing a unified setting for studying Krull domains, Prüfer domains and PvMDs. This class of domains was also investigated by GarciaJara-Santos (1999) [24] and Halter-Koch (2003) [33] These papers led naturally to the study of the Prüfer semistar multiplication domains initiated in 2003 by Fontana-Jara-Santos [18] .
Related to this study are the questions on the invertibility property of ideals and modules especially in the star and semistar setting, cf. the survey paper by Zafrullah [65] , Chang-Park (2003) [11] and Fontana-Picozza (2005) [?].
Intersections of local Nagata domains
Given a semistar operation ⋆ on D, the integral domains Na(D, ⋆) and Kr(D, ⋆) (and the related semistar operations⋆ and ⋆ a ) have in many regards a similar behaviour. The following natural question is the starting point of a recent paper by M. Fontana and K.A. Loper [22] :
Is it possible to find an integral domain of rational functions, denoted by KN(D, ⋆) (obtained as an intersection of local Nagata domains associated to any semistar operation ⋆), such that: In order to present the anwer to the previous question we need to settle some terminology:
For the proof cf. [22, Corollary 4.3] .
Note that, in general, ⋆-(e.)a.b. does not imply ⋆-invertible, even for finite type semistar operations. However, it is possible to show that, for finite type stable semistar operations ⋆ (i.e. when ⋆ =⋆), the notions of ⋆-e.a.b., ⋆-a.b. We are now in condition to state some among the main results proved in Fontana-Loper (2005) [22] . Then: For the proof cf. [22, Theorem 5.11 ((1) , (4), (5), (6) , and (7)), Proposition 6.3, and Corollary 6.4 ( (1) and (2)) ].
